Introduction
The classi cation of irreducible simply connected spin manifolds with parallel spinors was obtained by M. Wang in 1989 15] in the following way: the existence of a parallel spinor means that the spin representation of the holonomy group has a xed point. Moreover, it requires the vanishing of the Ricci tensor, so the only symmetric spaces with parallel spinors are the at ones. Then looking into Berger's list of possible holonomy groups for Riemannian manifolds and using some representation theory one nally obtains that the only suitable manifolds are those with holonomy 0, SU(n), Sp(n), Spin (7) ). The main idea of C. B ar was to consider the cone over a manifold with Killing spinors and to show that the spin representation of the holonomy of the cone has a xed point for a suitable scalar renormalisation of the metric on the base (actually this construction was already used in 1987 by R. Bryant 3] ). By the previous discussion, this means that the cone carries a parallel spinor. Then one just has to translate in terms of the base the geometric data obtained using Wang's classi cation. The problem of describing the Spin c manifolds with parallel and real Killing spinors has recently been considered by S. Maier 13] , who asserts that all these manifolds have at auxiliary bundle, so the classi cation problem reduces to the above one. Unfortunately, as Th. Friedrich pointed out, his proof has an essential gap, and in fact his statement is not valid, neither, as one easily sees from the following example. Let M be a K ahler manifold and consider its canonical Spin c structure. Then the associated spinor bundle can be identi ed with 0; M, which obviously has a parallel section, and whose auxiliary bundle is not at if M has non-vanishing Ricci curvature. In this paper we will give the complete description of simply connected Spin c manifolds carrying parallel and real Killing spinors. It came to us as a surprise that the above example of Spin c manifold with parallel spinors is essentially the only one, excepting those with at auxiliary bundle (i.e. spin structures). The result is the following Theorem 1.1 A simply connected Spin c manifold carrying a parallel spinor is isometric to the Riemannian product between a simply connected K ahler manifold and a simply connected spin manifold carrying a parallel spinor.
We then turn our attention to Spin c manifolds with real Killing spinors, and prove that the cone over such a manifold inherits a canonical Spin c structure such that the Killing spinor on the base induces a parallel spinor on the cone. Then using the above theorem and the fact that the cone over a complete Riemannian manifold is irreducible or at (cf. 8]), we obtain that the only simply connected Spin c manifolds with real Killing spinors with non-at auxiliary bundle are the (non-Einstein) Sasakian manifolds. The importance of such a result comes from the fact that it gives a spinorial interpretation of Sasakian structures, just as in the case of Einstein{Sasakian and 3{Sasakian structures. The author would like to thank Th. Friedrich for having brought this problem to his attention, and for many useful discussions.
Spin and Spin c structures
Consider an oriented Riemannian manifold (M n ; g) and let P SO(n) M denote the bundle of oriented orthonormal frames on M.
De nition 2.1 The manifold M is called spin if the there exists a 2{fold covering P Spin(n) M of P SO(n) M with projection : P Spin(n) M ! P SO(n) M satisfying the following conditions : i) P Spin(n) M is a principal bundle over M with structure group Spin(n); ii) If we denote by the canonical projection of Spin(n) over SO(n), then for every u 2 P Spin(n) M and a 2 Spin(n) we have (ua) = (u) (a):
A Riemannian manifold M is spin i the second Stiefel-Whitney class of M, w 2 (M), vanishes. The bundle P Spin(n) M is called a spin structure. The representation theory shows that the Cli ord algebra Cl(n) has (up to equivalence) exactly one irreducible complex representation n for n even and two irreducible complex representations n for n odd. In the last case, these two representations are equivalent when restricted to Spin(n), and this restriction is denoted by n . For n even, there is a splitting of M with respect to the action of the voulme element in n := In general, by Spin c manifold we will understand a set (M; g; S; L; A), where (M; g) is an oriented Riemannian manifold, S is a Spin c structure, L is the complex line bundle associated to the auxiliary bundle of S and A is a connection form on L.
Lemma 2.1 A Spin c structure on a simply connected manifold M with trivial auxiliary bundle is canonically identi ed with a spin structure. Moreover, if the connection de ned by A is at, then by this identi cation r A corresponds to r on the spinor bundles.
Proof. One rst remark that since the auxiliary bundle is trivial, we can exhibit a global section, that we will call . Denote by P Spin(n) M the inverse image by of P SO(n) M . It is straightforward to check that this de nes a spin structure on M, and that the connection on P Spin c (n) M restricts to the Levi-Civita connection on P Spin(n) M if can be choosen parallel, i.e. if A de nes a at connection.
Q.E.D. Consequently, all results concerning Spin c structures obtained below are also valid for usual spin structures.
Parallel Spinors
In this section we classify all simply connected Spin c manifolds (M; g; S; L; A) admitting parallel spinors. The curvature form of A can be viewed as an imaginary{ valued 2{form on M, and will be denoted by i! := dA. We consider Ric as an (1,1) tensor on M and denote for every x 2 M by K(x) the image of Ric, i.e.
K(x) = fRic(X) j X 2 T x Mg and by L(x) the orthogonal complement of K(x) in T x M, which by (2) can be written as
Since is parallel, TM and iTM are two parallel sub-bundles of M. This shows that their intersection is also a parallel sub-bundle of M. Let (2) . It is clear that (since the restriction of ! to E ? vanishes) the canonical line bundle of the Spin c structure on M 2 is trivial and has vanishing curvature, so by Lemma 2.1, 2 is actually a parallel spinor of a spin structure on M 2 . On the other hand, by the very de nition of E one easily obtains that the equation X = iJ(X)
de nes an almost complex structure J on M 1 .
Lemma 3.2 The almost complex structure J de ned by the above formula is parallel, so (M 1 ; J) is a K ahler manifold.
Proof. Taking the covariant derivative (on M 1 ) in (7) in an arbitrary direction Y and using (1) gives
On the other hand, replacing X by r Y X in (7) and substracting from (8) yields r Y (J(X)) = J(r Y X) , so ((r Y J)(X)) = 0, and nally (r Y J)(X) = 0 since never vanishes on M 1 . As X and Y were arbitrary vector elds we deduce that rJ = 0.
Q.E.D.
We nally remark that the restriction of the Spin c structure of M to M 1 is just the canonical Spin c structure of M 1 , since (7) and (2) show that the restriction of ! to M 1 is the Ricci form of M 1 .
Remark 3.1 Of course, replacing J by ?J just means switching from the canonical to the anti-canonical Spin c structure of M 1 , but we solve this ambiguity by " xing" the sign of J with the aid of (7).
Conversely, the Riemannian product of two Spin c manifolds carrying parallel spinors is again a Spin c manifold carrying parallel spinors, and as we already remarked in the rst section, the canonical Spin c structure of every K ahler manifold carries parallel spinors. Consequently we have proved the following: 
Killing spinors
In this section we classify all simply connected Spin c manifolds (M n ; g; S; L; A) carrying real Killing spinors, i.e. spinors satisfying the equation r A X = X ; 8X 2 TM; (9) for some xed real number 6 = 0. By rescaling the metric if necessary, we can suppose without loss of generality that = r @ r @ r = 0 ; (10) r @ r X = r X @ r = 1 r X ; (11) r X Y = r X Y ? r g(X; Y )@ r ; (12) where (14) In particular, if M is at, then M is a space form.
For later use let us recall an important result concerning the holonomy of such cone metrics, originally due at our knowledge, to S. Gallot ( 8] The use of the cone over M is the key of the classi cation, as it is the case for C. 
Proof. By enlargement of the structure groups, the two-fold covering : P Spin c (n) M ! P SO(n) M P U(1) M;
gives a two-fold covering
which, by pull-back through , gives rise to a Spin c structure on M P Spin c (n+1
The veri cation of the fact that the pull back of P SO(n+1) M is indeed isometric to the oriented orthonormal frame bundle of M and that is Spin c {equivariant is left to the reader. The Levi-Civita connection of M and the pull-back connection on P U(1) M induce a connection on P Spin c (n+1) M. We will now relate the (complex) spinor bundles associated to the Spin c structures on M and M.
There is an isomorphism Cl(n) ' Cl 0 (n + 1) obtained by extending the mapping R n ! Cl 0 (n+1), v 7 ! v e n+1 to Cl(n), which gives an inclusion i : Spin(n+1) ! Cl(n) and thus an embedding of Spin c n+1 into the complex Cli ord algebra Cl(n) by a e it 7 ! i(a)e it . This makes the complex spin representation n into a Spin c n+1 {representation. Recall that n is an irreducible Cl(n){representation of complex dimension 2 (the so-called half-spin representations) k for k even. By dimensional reasons, we deduce that the above constructed representation of Spin c n+1 on n is equivalent to n+1 for n + 1 odd and to one of the half-spin representations for n + 1 even. In order to decide which of them is obtained by this procedure for n = 2k + 1, we recall that on 2k+2 , the complex volume element ! C (2k + 2) := i k+1 e 1 ::: e 2k+2 acts by 1 and that on 2k+1 , the complex volume element ! C (2k +1) := i k+1 e 1 ::: e 2k+1 acts by identity. But ! C (2k + 2) := i k+1 e 1 ::: e 2k+2 = i k+1 (e 1 e 2k+2 ) ::: (e 2k+1 e 2k+2 ), which by the above acts on 2k+1 exactly as ! C (2k + 1), i.e. by identity. Recall that a Riemannian manifold carries a Sasakian structure if and only if the cone over it is a K ahler manifold, as it is shown by a straightforward computation ( 1] (14) . The auxiliary bundle of the canonical Spin c structure of M which is just the canonical bundle K = k+1;0 M is thus at, and the same is true for its restriction to M. The last statement follows from Lemma 2.1.
Q.E.D. One can actually construct the Spin c structure more directly as follows: the frame bundle of every Sasakian manifold restricts to U(k), by considering only adapted frames i.e. ON frames of the form f ; e 1 ; '(e 1 ); :::e k ; '(e k )g. Then just extend this bundle of adapted frames to a Spin c (2k) principal bundle using the canonical inclusion U(k) ! Spin c (2k) (cf. 12], p.392). We prefered the description which uses the cone over M since the computations are considerably simpler (e.g. for showing that if M is Einstein and simply connected it is spin).
The rst description has also the advantage of directly showing (using Proposition 4.1) that the canonical Spin c structure carries a Killing spinor, which is not obvious if one uses the second description. Just as in the case of almost complex manifolds one can de ne an anti-canonical Spin c structure for Sasakian manifolds, which has the same properties as the canonical one. We recall that the parallel spinor of the canonical Spin c structure of a K ahler manifold M 2k+2 lies in 0 M, so is allways a positive half-spinor, and the parallel spinor of the anti-canonical Spin c structure lies in k+1 M, so it is positive (negative) for k odd (respectively even). Collecting these remarks together with is allways equal to 1, and there is no Killing spinor for the constant ? 1 2 . For the anti-canonical Spin c structure, the dimensions of the spaces of Killing spinors for the Killing constants 1 2 and ? 1 2 are 1 and 0 (0 and 1) for k odd (respectively even).
